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Abstract: Individual tree volume prediction is one of the most important components of growth and yield 
modeling systems. This is often accomplished by using taper equations because of their flexibility. In this 
study, stem taper models were developed to estimate upper stem diameters, merchantable volume, height, 
and total stem volume for natural Brutian pine (Pinus brutia Ten.) in the Akhisar region of western Türki-
ye. Performance of 11 commonly used taper models was analyzed using data collected from 159 Brutian 
pine trees representing a wide range of diameter and height classes. A second-order autoregressive error 
structure was specified to account for inherent autocorrelation in hierarchical data. The models of Jiang et 
al. (2005), Bi (2000), and Kozak (2004) had the best estimation performance for diameter, merchantable 
volume, height, and total stem volume estimations, respectively. If the diameter at 5.30 m is not known or 
cannot be estimated, either the models of Bi (2000) or Kozak (2004) are preferred for the merchantable 
volume, stem diameter, and total volume of Brutian pine trees in the study area. The best performing mod-
el (Jiang et al., 2005) was further improved using a non-linear mixed-effects modeling approach. Results 
showed that adding two random effects further improved model’s estimation performance, decreased the 
error variance, and had better residual properties than the fixed effects model. The mixed-effects modeling 
approach is recommended for calibration when preliminary information for diameter measurements is 
available.
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Introduction
The forest inventory data indicate that Brutian 

pine (Pinus brutia Ten.) in Türkiye covers an area of 
approximately 5.6 million hectares (approximately 
25% of the forested areas of the country) with a cur-
rent growing stock volume of nearly 270 million m3 
(GDF, 2015). The Brutian pine forests are distributed 
over a wide geographical area with different ecolog-
ical characteristics and have a key role in important 
environmental issues such as the protection of soil 
and water resources, mitigating climate change im-
pacts, and protecting biological diversity. This wide 
geographical distribution and the diverse ecologi-
cal conditions need to be taken into account in the 
development of strategies for the management and 
planning of Brutian pine forests. However, research 
on the growth and yield of natural and pure Brutian 
pine in Türkiye has so far focused mostly on stands 
in southern Türkiye, even though the species is also 
widespread in the western part of the country.

Accurate estimates of tree and stand volumes 
and the distribution of this volume among different 
product categories is essential for any growth and 
yield modeling system. This information is critical to 
develop forest management plans (de-Miguel et al., 
2012; Rodríguez et al., 2014), to estimate the forest 
products industry’s future (de-Miguel et al., 2012), 
and to assess the effects of silvicultural interventions 
(Garber & Maguire, 2003). Furthermore, this infor-
mation essential to calculate the amount of biomass 
and carbon sequestration with the help of appropri-
ate biomass conversion factors (Castedo-Dorado et 
al., 2012), since the tree stem accounts for about 
70% of all tree biomass (Poorter et al., 2012).

Besides total tree volume, one of the most cru-
cial characteristics of tree that forest managers and 
researchers are interested in is the calculation of 
merchantable tree volume (Pancoast, 2018). Mer-
chantable volume estimations are important for de-
termining economic value based on changing market 
conditions, production planning, product price esti-
mations, determining appropriate silvicultural inter-
ventions for stand establishment, energy production, 
and short or long-term economic analyses (Schröder 
et al., 2015; Pancoast, 2018).

However, origin (Poudel et al., 2020), tree and 
stand characteristics (Li & Weiskittel, 2010; Sharma 
& Zhang, 2004), crown variables (Liang et al., 2022), 
previous silvicultural interventions (Tasissa & Burk
hart, 1998), and ecological conditions can all have an 
effect on stem form. Consequently, there may even 
be large differences between the stem forms of trees 
of the same diameter and height. Therefore, using 
local volume tables or volume equations for esti-
mating tree stem volume by neglecting stem form, 

can lead to large volume estimation errors (Li & 
Weiskittel, 2010).

Due to their flexible structure, taper equations 
are a useful tool in growth modeling and forest in-
ventory applications, both for estimating changes in 
stem form from the base to the top of the stem and 
for estimating whole stem or merchantable stem vol-
ume (Arias-Rodil et al., 2015; McTague & Weiskittel, 
2020). Another important advantage of stem profile 
models for forestry applications is that they can be 
integrated into growth and yield models, allowing 
the estimation of product classes and quantities from 
different growing environments and different plan-
ning alternatives (de-Miguel et al., 2012). Hence, ta-
per models have become one of the most widely used 
methods for tree volume prediction in recent years 
(Jiang et al., 2005; Sakici et al. 2008; McTague & 
Weiskittel, 2020; He et al., 2021; Wilms et al., 2024; 
Qadir & Poudel, 2025).

Stem profile models have been used for many 
purposes other than the above-mentioned common 
uses, such as estimating tree stem biomass (Parresol 
& Thomas, 1989), bark thickness (Yang & Radt-
ke, 2022), bark volume (Yang & Qiao, 2024), and 
heartwood and sapwood diameter (Sun et al., 2024). 
Moreover, stem profile models can relate tree growth 
and timber quality models (Fonweban et al., 2012; 
Návar et al., 2013). Therefore, the development of 
stem profile models for different regions and differ-
ent tree species is still one of the most important ar-
eas of study (Shahzad et al., 2020; He et al., 2022).

Two groups of stem diameter models have been 
widely and successfully used in forestry studies (Li 
et al., 2012). The first one is variable-exponent stem 
diameter models that a tree stem is thought to be 
composed of parts with neiloid, paraboloid, and ta-
per stem shapes from the base to the top and the sec-
ond group consists of segmented stem profile models 
that divide the tree stem into parts and define each 
part of the stem with different functions (Sharma, 
2024). Detailed information about major advantages 
or disadvantages of the models in both two groups 
can be found with McTague & Weiskittel (2020).

Especially in the last three decades, studies have 
compared the estimation performance of different 
forms of stem taper models to estimate stem diam-
eter, merchantable volume, and total volume. Li & 
Weiskittel (2010) compared the success of 10 differ-
ent stem diameter models in estimating stem diame-
ter and volume for main pine species in the Acadian 
Region of North America and found that the most 
successful results for stem diameter estimations 
were obtained with Kozak (2004) and Bi (2000) and 
for volume estimations with modified form of Clark 
et al. (1991). In a study conducted by Schröder et al. 
(2015) to develop a stem diameter model for slash 
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pine in Brazil, six different stem diameter models 
were used, and the most successful results for di-
ameter and volume estimations were obtained with 
the variable exponent stem diameter model of Ko-
zak (1988). In a study conducted by Özçelik & Cre-
cente-Campo (2016), ten different models in differ-
ent forms were compared in terms of diameter, total 
volume, merchantable volume, and height estima-
tions, and it was observed that the model developed 
by Clark et al. (1991) produced more successful re-
sults than the other models. In studies conducted by 
Hussain et al. (2020) using five different models for 
three different tree species and by Alkan & Özçelik 
(2020) using nine different stem diameter models for 
Taurus fir, it was observed that the model of Clark et 
al. (1991) produced the most accurate results for di-
ameter, merchantable volume, and total volume esti-
mations. Shahzad et al. (2020) compared eight stem 
diameter models in terms of diameter, merchantable 
and total volume estimations and found that the 
stem diameter model developed by Fang et al. (2000) 
presents the most successful results according to the 
evaluation criteria used. In another study, Shahzad 
et al. (2021) compared three different stem diame-
ter models in terms of their success in stem taper 
estimation, and the most successful results were ob-
tained with the model of Max & Burkhart (1976). 
Jiang et al. (2005) compared model forms developed 
by Max & Burkhart (1976), Clark et al. (1991) and 
as well as two reduced forms of Clark et al. (1991) 
to develop stem taper model for yellow poplar. The 
best results were produced by reduced form of Clark 
et al. (1991) for predicting upper stem diameter and 
volume. This reduced or modified form of Clark et 
al. (1991) will be referred to as Jiang et al. (2005)’s 
taper model in this study. Clark et al. (1991)’s and 
its reduced form (Jiang et al., 2005) use the diame-
ter value at 5.30 m as an extra independent variable 
for upper stem diameter and volume predictions, un-
like other taper models. The results of some studies 
(Li & Weiskittel, 2010; Özçelik & Crecente-Campo, 
2016; Hussain et al., 2020) have shown that taper 
equations that include upper stem measurements 
generally outperform those that do not.

A limited number of studies have been performed 
in Türkiye to create merchantable volume equations 
for Brutian pine (Özçelik et al., 2016; Özçelik & 
Karaer, 2016). The existing tree volume prediction 
strategies used in Türkiye are not based on stem 
taper models and do not consider local ecological 
differences among regions. Currently, there are no 
known localized models for Brutian pine in western 
Türkiye, where local growing conditions are differ-
ent than southern ecosystems. As indicated by Li et 
al. (2012), different growing conditions and stand 
attributes have a significant impact on stem charac-
teristics of trees.

The ever-changing market conditions require ac-
curate estimation of stem volume of a tree for dif-
ferent merchantable limits based on different upper 
stem diameter values. Unfortunately, this is not pos-
sible with the current Brutian pine tree volume ta-
bles in this region. By using upper stem diameter val-
ues from stem taper models, merchantable volume 
for different merchantable limits and stem volume 
of a tree would more accurately predict. Hence, in 
this study, we first evaluated the estimation perfor-
mance of some well-known stem taper models for 
height, merchantable volume, diameter, and whole 
stem volume estimation for natural and pure Brutian 
pine stands in the Akhisar region of western Türki-
ye and then developed a tree-specific mixed-effects 
model based on the most successful model for upper 
stem diameter predictions.

Materials and methods
Materials

A total of 159 sample trees were selected from nat-
ural and pure Brutian pine (Pinus brutia Ten.) stands in 
the Akhisar region of western Türkiye (Fig. 1). Before 
the trees were felled, the diameter at breast height 
(D, 1.3 m above-ground) and after felled the heights 
(H) of sample trees were measured with precision 
of 0.1 cm and 5 cm for each tree, respectively. Stem 
diameter (d) values at 0.3 m, 2.3 m, and every 1 m 
thereafter were measured on felled each tree with a 
precision of 0.1 cm using electronic caliper. The trees 
were selected from dominant or co-dominant trees to 
represent all height and diameter classes within the 
study area. Since stem diameter models are not in-
tended for deformed stems, trees with outliers such 
as trees with broken tops, forked stems, large knots, 
and some physical damage like growth deformations 
were excluded from the dataset. Descriptive statistics 
for the dataset are displayed in Table 1. Figure 2 shows 
scatter plot of relative diameter (d/D) against relative 
height (h/H) of the data used to develop stem profile 
models.
Table 1. Descriptive statistics of sample trees used for 

model fitting and validation
Data Mean SD Minimum Maximum

D (cm) 38.45 11.49 12.50 65.50
H (m) 20.43 4.86 9.70 29.60
d (cm) 23.95 12.70 1.50 70.20
h (m) 9.61 6.33 0.30 28.30
v (m3) 0.841 0.71 0.02 4.24
V (m3) 1.159 0.83 0.06 4.24

D  – diameter outside bark at breast height (cm); H  – total tree 
height (m); d – diameter outside bark to measurement point 
at h (cm); h – height above ground to measurement point (m); 
v and V – merchantable and total outside bark tree volumes 
(m3), respectively; SD – standard deviation.
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Kozak & Kozak (2003) stated that it is important 
to test the validity of models, but this requires the 
use of an independent data set. In case of insuffi-
cient or unavailable data, alternative methods such 
as cross-validation and data splitting can be used, 
but these methods rarely provide additional gains 

compared to model development using the entire 
data set. In this respect, since there is no independ-
ent dataset in this study, the complete dataset was 
used in the development, creation, and evaluation of 
the models.

Methods

A total of 11 commonly used stem taper models 
were evaluated in this study. These models can be 
grouped as simple (Biging, 1984), segmented (Max 
& Burkhart, 1976; Fang et al., 2000; Jiang et al., 
2005), and variable-exponent models (Riemer et al., 
1995; Muhairwe, 1999; Bi, 2000; Lee et al., 2003; Ko-
zak, 2004; Sharma & Zhang, 2004; Sharma & Parton, 
2009). Table 2 presents detailed descriptions of these 
models. More detail information on these taper mod-
els can be found in the studies of Diéguez-Aranda et 
al. (2006), Li & Weiskittel (2010), and Wilms et al. 
(2024).

Diameter at 5.30 m is a required input variable 
for Jiang et al. (2005) taper equation, which is not 
used in other models. This can be obtained either 
by using the equation form presented in Jiang et al. 
(2005) or through actual field measurements. How-
ever, the measurement of diameter values at 5.30 m 

Fig. 1. Distribution of Brutian pine (Pinus brutia Ten.) across Türkiye and location of the Akhisar region, highlighting the 
study area

Fig. 2. Scatter plot of observed relative diameter (d/D) and 
relative height (h/H) with a loess smoothed curve for 
Brutian pine. Units of d and D are cm and unit of h and 
H are m, but the relative diameter and relative height 
are unitless
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is generally not made during routine forest invento-
ries. In this study, diameters at 5.30 m were obtained 
through linear interpolation and actual field meas-
urements. The model fitted using interpolated 5.30 
m diameter will be referred to as Jiang et al. (2005)-I 
and the model fitted with observed diameter at 5.30 
m will be referred to as Jiang et al. (2005)-II for the 
remainder of this article.

Statistical evaluation

When using the ordinary least squares (OLS) 
method to develop stem diameter models, two main 

problems, multicollinearity and autocorrelation, are 
frequently observed (Kozak, 1997). Therefore, it is 
emphasized that appropriate statistical approaches 
should be selected to avoid the autocorrelation prob-
lem and reduce the multicollinearity problem while 
developing the taper equations (Crecente-Campo et 
al., 2009). To assess the existence of multicollineari-
ty among the variables in the model structure, Con-
dition Number (CN) was used. According to Belsey 
(1991), if the condition number is in the range of 5 
to 10, there is no multicollinearity problem; if it is in 
the range of 30 to 100, there may be a problem with 
multicollinearity, but if it is in the range of 1000 to 

Table 2. Mathematical representations of candidate stem taper models used in this study.

Model Equation 
Max and Burkhart (1976) (1)

Biging (1984) (2)

Riemer et al. (1995) (3)

Fang et al. (2000)

 

p1 = h1/H and p2 = h2/H (p1 and p2 are inflection points at h1 and h2 are the heights from ground 
level),

(4)

Bi (2000) (5)

Lee et al. (2003) (6)

Kozak (2004) (7)

Sharma and Zhang (2004) (8)

Sharma and Parton (2009) (9)

Muhairwe (1999) (10)

Jiang et al. (2005)

Jiang et al. (2005) proposed the following equation to estimate diameter at 5.30 m: 
F = D(p1 + p2(5.30 / H)2).

(11)

T = h / H; hst is stump diameter height; ai, bi and pi are the parameters to be estimated; all other variables as previously defined.
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3000, there may be a severe multicollinearity prob-
lem. As the sample tree data collected contains a large 
number of observations from each tree, it is expected 
that the observations in each tree are spatially cor-
related with each other, not consistent with the as-
sumption of independence of error terms. Therefore, 
the inherent autocorrelation in the hierarchical data 
structure was accounted for by using a second-order 
continuous autoregressive error structure (CAR(2)), 
which takes into account the distance between diam-
eter measurements and  visually examined residual 
plots to determine if the autocorrelation issue had 
been resolved (Diéguez-Aranda et al., 2006).

Model comparison

The accuracy of stem diameter, merchantable vol-
ume, and volume predictions were evaluated using 
numerical and graphical analysis of residuals. Four 
different evaluation criteria, including coefficient of 
determination (R2; Equation 12), root mean square 
error (RMSE; Equation 13), mean absolute differ-
ence (MAD; Equation 14), and Akaike’s Information 
Criterion (Akaike 1974; AIC; Equation 15). The best 
model was selected using the relative ranking meth-
od suggested by Poudel & Cao (2013).

	 	
(12)

	 	
(13)

	 	
(14)

	 	
(15)

where , , and  are mean of observed, estimated 
and observed values, respectively; n is the number of 
observations used to develop the model; and is the 
number of parameters in the model.

Results

When the stem taper models used in this study 
were fitted without considering the presence of au-
tocorrelation, the residuals of the models generally 
showed a similar trend and the resulting error values 
and the lag error showed a linear correlation. Ana-
lyzing the results obtained for Jiang et al. (2005) in 
Figure 3, it is seen that when a first order autoregres-
sive error structure is added to the model (CAR(1)), 
the autocorrelation problem is partially eliminated 
(Fig. 3, Row 2, Column 2) but when a second order 
autoregressive error structure is added (CAR(2)), 

Fig. 3. An example, of d residuals plotted against: Lag1-residuals, Lag2-residuals, and Lag3-residuals for the model of 
Jiang et al. (2005) fitted without considering the autocorrelation parameters (first row), and with continuous autore-
gressive error structures of first and second order (second and third rows, respectively)



102	 Ramazan Özçelik et al.
Ta

bl
e 

3.
 P

ar
am

et
er

 e
st

im
at

es
 w

it
h 

th
ei

r 
as

so
ci

at
ed

 s
ta

nd
ar

d 
er

ro
rs

 (
SE

) 
in

 p
ar

en
th

es
es

 fo
r 

th
e 

an
al

yz
ed

 m
od

el
s.

M
od

el
s

a 0
a 1

a 2
b 1

b 2
b 3

b 4
b 5

b 6
b 7

p 1
p 2

M
ax

 a
nd

 B
ur

kh
ar

t 
(1

97
6)

0.
78

89
(0

.0
12

5)
0.

15
76

(0
.0

04
5)

−
4.

48
59

(0
.2

37
5)

2.
22

01
(0

.1
27

8)
−

2.
23

39
(0

.1
22

5)
21

.5
77

2
(1

.1
05

7)

Bi
gi

ng
 (

19
84

)
1.

24
59

(0
.0

03
7)

0.
47

95
(0

.0
04

9)

R
ie

m
er

 e
t 

al
. (

19
95

)
0.

43
97

(0
.0

03
0)

0.
68

98
(0

.0
24

3)
0.

06
99

(0
.0

02
1)

Fa
ng

 e
t 

al
. (

20
00

)
0.

00
00

54
(2

.7
9 

×
 1

0−
6 )

1.
99

09
(0

.0
20

4)
0.

84
34

(0
.0

23
3)

0.
00

00
14

(1
.9

7 
×

 1
0−

7 )
0.

00
00

35
(2

.4
1 

×
 1

0−
7 )

0.
00

00
27

(4
.0

9 
×

 1
0−

7 )
0.

11
01

(0
,0

02
0)

0.
70

34
(0

.0
07

6)

Bi
 (

20
00

)
0.

28
92

(0
.0

71
8)

−
0.

09
00

(0
.0

37
4)

0.
06

18
(0

.0
08

3)
0.

02
98

*
(0

.0
45

4)
−

0.
00

31
(0

.0
00

3)
0.

04
68

(0
.0

06
9)

0.
00

05
*

(0
.0

07
0)

Le
e 

et
 a

l. 
(2

00
3)

1.
59

74
(0

.0
41

1)
0.

91
98

(0
.0

06
9)

3.
18

75
(0

.0
98

8)
−

4.
50

04
(0

.1
21

0)
2.

37
66

(0
.0

37
7)

K
oz

ak
 (

20
04

)
1.

09
38

(0
.0

35
5)

0.
95

78
(0

.0
10

4)
0.

02
08

*
(0

.0
13

8)
0.

49
89

(0
.0

19
6)

0.
35

79
(0

.0
76

9)
0.

28
22

(0
.0

14
2)

1.
52

72
(0

.5
96

0)
0.

00
12

*
(0

.0
04

3)
0.

16
06

(0
.0

36
1)

Sh
ar

m
a 

an
d 

Z
ha

ng
 (

20
04

)
0.

95
27

(0
.0

06
0)

2.
17

59
(0

.0
04

0)
−

0.
47

07
(0

.0
36

0)
0.

75
09

(0
.0

43
1)

Sh
ar

m
a 

an
d 

Pa
rt

on
 (

20
09

)
0.

99
00

(0
.0

03
0)

−
0.

06
49

(0
.0

01
9)

0.
29

24
(0

.0
17

4)
−

0.
01

82
*

(0
.0

21
2)

M
uh

ai
rw

e 
(1

99
9)

77
42

22
.3

(2
43

89
3)

0.
88

22
(0

.0
08

1)
−

13
.0

82
7

(0
.8

06
5)

11
.1

74
3

(1
.5

25
1)

25
.8

89
4

(0
.6

13
5)

−
0.

31
08

*
(0

.9
26

7)
−

0.
00

46
(0

.0
01

3)
−

0.
31

91
(0

.0
32

7)

Jia
ng

 e
t 

al
. (

20
05

)-
I

78
.7

92
7

(1
.5

70
3)

3.
83

35
(0

.4
29

4)
0.

75
23

(0
.0

13
1)

2.
20

68
(0

.0
62

7)

Jia
ng

 e
t 

al
. (

20
05

)-
II

77
.5

56
0

(1
.4

46
2)

6.
49

87
(0

.4
13

0)
0.

73
63

(0
.0

09
7)

2.
23

43
(0

.0
44

7

A
n 

as
te

ri
sk

 (
*)

 in
di

ca
te

s 
no

n-
si

gn
ifi

ca
nt

 p
ar

am
et

er
s 

at
 p

<
 0

.0
5.

 J
ia

ng
 e

t 
al

. (
20

05
)-

I: 
up

pe
r 

st
em

 d
ia

m
et

er
s 

at
 5

.3
0 

m
 w

er
e 

ob
ta

in
ed

 b
y 

lin
ea

r 
in

te
rp

ol
at

io
n.

 J
ia

ng
 e

t 
al

. (
20

05
)-

II
: u

pp
er

 s
te

m
 

di
am

et
er

s 
at

 5
.3

0 
m

 w
er

e 
ob

ta
in

ed
 b

y 
ac

tu
al

 fi
el

d 
m

ea
su

re
m

en
ts

.



	 Upper stem diameter and volume predictions of Brutian pine (Pinus brutia Ten.) trees in Western Türkiye	103

the autocorrelation problem is almost eliminated 
(Fig. 3, Row 3, Column 3).

The parameter estimations and their standard er-
ror values for the used models are given in Table 3. 
Among the analyzed models, the parameters and of 
Bi (2000), and of Kozak (2004), of Sharma & Par-
ton (2009), and of Muhairwe (1999) were found in-
significant at the 0.05 level of significance. All other 
parameters of the analyzed models were found to be 
significant at the p<0.0001 level. The models with 
statistically insignificant parameters were solved 
again after removing these parameters from the 
model, but there was no change or improvement in 
the models’ estimation performance. Therefore, the 
models were used in their original form.

Based on the Condition Number for the models 
in Table 4, it is seen that a significant portion of the 
models have a moderate multicollinearity problem. 
The models of Biging (1984), Jiang et al. (2005) and 
Riemer et al. (1995) do not show multicollinearity 
problems in terms of condition numbers; the models 
of Muhairwe (1999), Bi (2000) and Max & Burkhart 
(1976) show multicollinearity problems and the re-
maining models generally have moderate multicollin-
earity problems (CN: 14-71).

Table  4 presents the goodness-of-fit statistics 
values for the performance of the analyzed taper 
models in merchantable volume, height, diameter, 
and total stem volume estimations. As seen in Ta-
ble  4, more than 94%, 98%, 96%, and 96% of the 
total variance in height, diameter, merchantable vol-
ume and total stem volume estimations, respective-
ly, can be explained by the taper models. The RMSE 
values ranged between 1.34–1.60  cm, 1.27–1.41 m, 
0.05–0.12 m3, and 0.07–0.15 m3 for diameter, height, 
merchantable volume, and total stem volume esti-
mations, respectively, while MAD values ranged be-
tween 0.98–1.19 cm, 0.92–1.03 m, 0.03–0.08 m3, and 
0.04–0.096 m3 for the same variables, respectively. 
Table 5 presents the relative ranking of the models 
for the four criterion values used for diameter, height, 
merchantable volume, and total volume estimations. 
According to the relative ranking results based on R2, 
RMSE, MAD, and AIC values produced by the models 
in Table 5, the models with the best estimation per-
formance are those of Jiang et al. (2005), Bi (2000), 
and Kozak (2004), while the models with the lowest 
estimation performance are those of Biging (1984), 
Riemer et al. (1995), and Lee et al. (2003). Results 
also show that using interpolation method (Jiang et 
al., 2005) to predict the upper stem diameter at 5.30 
m largely increased the bias (over 17%) for estimat-
ing d (outside bark diameter) a, compared with actual 
field measurements to obtain upper stem diameter 
values. The performance rank of volume prediction 
among the eleven taper models showed a slightly dif-
ferent trend than d and height predictions. Jiang et Ta
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al. (2005) model with observed upper stem diame-
ter at 5.30 m produced significantly lower RMSE and 
MAD. The poorest performing taper model for pre-
dicting stem volume was the Biging (1984). The best 
performing taper equation of Jiang et al. (2005) re-
duced the stem merchantable volume and stem total 
volume RMSE by 60% and 53% when compared to 
the poorest performing taper model of Biging (1984) 
for Brutian pine, respectively. When observed upper 
stem diameter measurements were not available, the 
Bi (2000) equation reduced the stem merchantable 
and stem total volumes RMSE by 12% and 9% when 
compared to the Biging (1984) taper model.

Figure 4 presents the radar plot for the three most 
successful and three least successful models based 
on the relative ranking values of the four criteria val-
ues. As can be seen from this figure, the best model, 
Jiang et al. (2005), is located in the center, while the 
most unsuccessful models, those of Biging (1984), 
Riemer et al. (1995), and Lee et al. (2003), are locat-
ed on the outside.

The rank of each variable calculated for R2, RMSE, 
AIC, and MAD. The relative rank was based on the 
sum of the ranks over all evaluation statistics. A bold, 
italic number denotes relative rank of the best taper 
model and a bold, underlined number denotes the 
worst taper model among the used models.

Figures 5, 6, 7, and 8 present the distribution 
and variation of the errors for diameter, height, 
merchantable volume, and total stem volume es-
timations by relative diameter, relative height, and 
diameter classes, respectively. In general, the error 
distributions of the models along the tree stem show 
similar trends for all models, and it can be said that 
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Fig. 4. The three most and least successful models in es-
timating stem diameter, height, merchantable volume, 
and total volume
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they have similar error distributions for the same 
relative height classes, relative diameter classes, and 
diameter classes. More successful estimations were 
produced in 15–55% of the stem than in other rela-
tive diameter classes for diameter estimations of all 
models (Fig. 5).

All models produced larger standard errors for 
height estimations above 45% of total tree height 
(Fig. 6). With the exception of Lee et al. (2003), all 
models tended to produce higher magnitude values 
for relative diameter classes below 20%.

Figure 7 and Figure 8 show the distribution of 
errors in the estimation of merchantable volume 
and total stem volume by diameter class; all models 
showed larger estimation errors for larger diameter 
classes than for smaller diameter classes. However, 
Jiang et al. (2005) found more successful estimations 

for larger diameter classes than the other analyzed 
models. All models overestimated the actual vol-
ume values for trees 32 cm and above, except for the 
52–57  cm diameter class to estimate total volume. 
According to the four criteria used in the study and 
graphical evaluations, the most successful results for 
diameter, merchantable length, merchantable vol-
ume, and total volume estimations were obtained 
with the model of Jiang et al. (2005).

In the next stage of the study, the stem taper 
model developed by Jiang et al. (2005), which is a 
reduced form of the model of Clark et al. (1991), 
was used. Jiang et al. (2005) was transformed into 
a nonlinear mixed-effect model by adding random 
effects to some of the fixed-effect parameters of the 
model in order to obtain tree-specific parameters for 
each tree. For this purpose, the model of Jiang et al. 

Fig. 5. Box plots of d residuals versus relative height classes (in percent) for the models
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(2005) was re-solved for possible combinations of 
fixed-effect and random-effect parameters. In line 
with the results of similar studies (Hussain et al., 
2021a; Hussain et al., 2021b), the solution was not 
possible for mixed-effects models with more than 
two random-effects parameters. The criterion values 
obtained for different random parameter combina-
tions are given in Table 6. As can be seen from Ta-
ble 6, a total of 10 mixed-effects models with only 
one or two parameters with random effects were pro-
duced within the scope of the study.

Again, as can be seen in Table 6, according to AIC 
and BIC values, the most successful random effect pa-
rameter combinations are b2 and b4. The criterion val-
ues of this mixed-effects model are significantly better 
than the fixed-effects model. The final mixed-effects 
form of the model of Jiang et al. (2005) is as follows.

Table  7 presents the fixed-effect parameter esti-
mations and variance components of the mixed-ef-
fects model of Jiang et al. (2005).

Figure 9 presents the error distribution pro-
duced by the fixed-effect (Fig. 9A) and mixed-effect 
(Fig. 9B) models in diameter estimation for relative 
height classes. The mixed-effect model has a much 
more homogeneous error distribution than the 
fixed-effect model for relative height classes.

Table  8 presents the goodness-of-fit statistics 
values for the performance of the Jiang et al. (2005) 

Fig. 6. Box plots of h residuals versus relative diameter classes (in percent) for the models
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Fig. 7. Box plots of merchantable volume (v) residuals versus diameter classes for the models

Table 7. Estimated parameters and fit statistics for the se-
lected mixed-effects model

Estimate SEa

Fixed-effects parameters
b1 19.7344 0.1995
b2 6.9183 0.4035
b3 0.7554 0.0048
b4 2.2442 0.0505

Variance components
σ2 1.3554 0.0376
Var (b2) 11.6228 2.6104
Var (b4) 0.2868 0.0383
Cov (b2, b4) 0.3446 0.2244

Goodness-of-fit statistics
AIC 9642
BIC 9667

Table 6. Fit statistics of the Jiang et al. (2005)’s taper equa-
tion for different combinations of random-effects pa-
rameters

Random parameters AIC
(smaller is better)

BIC
(smaller is better)

Nonea 11017 11047
b1 11062 11081
b2 11274 11292
b3 9887 9905
b4 10151 10169
b1, b2 11024 11049
b1, b3 11349 11374
b1, b4 9773 9798
b2, b3 10275 10300
b2, b4 9642 9667
b3, b4 9966 9990

AIC is the Akaike’s information criterion, BIC is the Bayesian’s 
information criterion aFixed-effects model.
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taper models in stem diameter and total stem volume 
estimations. More than 98% and 99% of the total var-
iance in diameter and total stem volume estimations, 
respectively, can be explained by the taper models. 
The RMSE values ranged between 1.12–1.62 cm and 
0.02–0.07 m3 for diameter and total stem volume es-
timations, respectively.

As indicated by many researchers, it is well known 
that the taper model fitted by nonlinear mixed-effects 
modeling approach can improve the goodness-of-fit 

statistics compared to the ordinary least squares. 
Compared with the results of OLS, the mixed-effect 
modeling approach significantly improved prediction 
performance of the taper model in this study. Howev-
er, for prediction purposes, many authors suggest us-
ing the fixed-effects models in the absence of calibra-
tion data (de-Miguel et al., 2012; Arias-Rodil et al., 
2015; Hussain et al., 2020). The fixed-effects models 
are more accurate in the predictions when random 
parameters of the mixed models are supposed to be 

Fig. 8. Box plots of total volume (V) residuals versus diameter classes for the models

Table 8. Fit statistics for Jiang et al. (2005)-II with fixed, fixed part of mixed, and mixed model

Models
Diameter Total volume

R2 RMSE AIC MAD R2 RMSE AIC MAD
Fixed 0.9839 1.6138 2791 1.1310 0.9929 0.0665 −854 0.0399
Fixed part of mixed 0.9837 1.6238 2827 1.1395 0.9927 0.0674 −850 0.0393
Mixed 0.9922 1.1221 681 0.7654 0.9994 0.0193 −1247 0.0134
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zero, and additional measurements are not availa-
ble for model calibration (Guzmán et al., 2012; de-
Miguel et al., 2012).

Since calibration may be a feasible option in some 
cases, de-Miguel et al. (2012) advised reporting both 
fixed and mixed-effect forms of a model. According-
ly, mixed-effects modeling was carried out for Jiang 
et al. (2005)-II, which improved the model accuracy.

Discussion

This study analyzed 12 commonly used taper 
models for reliable estimations of stem diameter, 
merchantable volume, height, and total stem volume 
for natural and pure Brutian pine trees. To address 
the autocorrelation issue, a continuous autoregres-
sive error structure was used to solve the models that 
arise when multiple consecutive measurements are 
used for each tree to develop stem taper models. The 
models analyzed did not show any significant multi-
collinearity problems, except for a few (Muhairwe, 
1999; Bi, 2000; Max & Burkhart, 1976). As noted by 
Crecente-Campo et al. (2009), the multicollinearity 
does not cause a problem in the practical use of the 
models. It was observed that the most successful re-
sults for the estimation of stem diameter, merchant-
able volume, height, and total volume were obtained 
with the models of Jiang et al. (2005), Bi (2000), and 
Kozak (2004), respectively, while the least success-
ful estimations were obtained with Biging (1984), 
Riemer et al. (1995), and Lee et al. (2003), respec-
tively. Similar results were reported by Hussain et 
al. (2021a) for Korean pine and Manchurian pine in 
Northeast China and by Hussain et al. (2021b) for 

white birch and costata birch species in Northeast 
China. Hussain et al. (2020) for some pine species 
in Northeast China, Özçelik and Crecente-Campo 
(2016) for cedar species in Türkiye, and Özçelik & 
Brooks (2012) for five primary tree species in Türki-
ye. Although in the study conducted by Li & Weiskit-
tel (2010), the reduced model of Clark et al. (1991) 
was not the most successful model for diameter es-
timations, it produced the best results for volume 
estimations in their study. Although Hussain et al. 
(2020) reported that the model of Max & Burkhart 
(1976) was as good as the models of Kozak (2004) 
and Fang et al. (2000) in terms of estimation perfor-
mance for three important pine species in Northeast 
China, the model of Max & Burkhart (1976) showed 
poor estimation performance in this study. Another 
model analyzed in this study is the model of Jiang 
et al. (2005). This model is a reduced form of the 
model of Clark et al. (1991). Although the Jiang et al. 
(2005) stem diameter model has been used relatively 
less in studies analyzing stem diameter models for 
different tree species, it produced the most success-
ful results for stem diameter and volume estimations 
in studies conducted by Özçelik & Brooks (2012), 
Şenyurt et al. (2017), and Saygili & Kahriman (2023) 
for different regions and tree species in Türkiye. Al-
though the model of Fang et al. (2000) produced 
successful results for volume estimation and stem 
diameter in many studies (Diéguez-Aranda et al. 
2006; Corral-Rivas et al., 2007; Crecente-Campo et 
al., 2009; López-Sánchez et al., 2016; Özçelik et al., 
2016; Shahzad et al., 2020; Li et al., 2024), it ranked 
in the middle in terms of estimation performance in 
this study. Clearly, the model of Jiang et al. (2005) 
excels at predicting stem merchantable and total 

Fig. 9. Residuals for the fixed-effect and mixed-effect model by relative stem height



110	 Ramazan Özçelik et al.

volumes. In this study, the Jiang et al. (2005) model 
reduced the RMSE by 51% and 49% when compared 
to the next best equation for merchantable and to-
tal stem volumes, respectively. Further, it does not 
require numerical integration like the variable ex-
ponent equations. However, it should be noted that 
the application of Jiang et al. (2005) model requires 
additional measurement of diameter at 5.30 m above 
ground. This measurement is not typically obtained 
in a regular forest inventory. Hussain et al. (2020) 
found that even when the diameter value at 5.30 m 
was estimated using the model proposed by Clark et 
al. 1991, this model showed better estimation per-
formance than the other analyzed models. However, 
in this study, the use of interpolated diameter at 5.30 
m substantially increased the error statistics values 
produced by this model.

The most successful models for the tree species 
used in this study when this value could not be ob-
tained were those of Bi (2000) and Kozak (2004), re-
spectively. The difference between the diameter and 
volume estimation performances of these two mod-
els was very small, and they were not found to be 
superior to each other in terms of them prefer ability 
when their relative ranks were taken into account. 
Both models showed similar error distributions for 
diameter and volume estimations for relative height 
classes and diameter classes, respectively. However, 
the model of Bi (2000) showed a more homogene-
ous and smaller error distribution than the model of 
Kozak (2004) for large trees in volume estimations. 
Hussain et al. (2020) obtained the most successful 
results for three pine species (Dahurian larch, Ko-
rean spruce, and Manchurian fir) in northeastern 
China with the models of Kozak (2004) and Fang 
et al. (2000) after the model of Clark et al. (1991). 
However, in the same study, the models of Lee et al. 
(2003) and Bi (2000) were found to have the low-
est predictive performance for diameter and volume 
estimations, respectively. In the study conducted 
by Schröder et al. (2015), the model of Bi (2000) 
showed lower estimation performance than the other 
models analyzed. de-Miguel et al. (2012) found the 
model of Bi (2000) to be the second-best model for 
diameter and volume estimation. In the study con-
ducted by Wilms et al. (2024), the model of Kozak 
(2004) was found to be the most successful model 
for diameter estimation with and without bark, fol-
lowed by Lee et al. (2003) and Muhairwe (1999). In 
this study, the model of Lee et al. (2003) was found 
to be one of the most unsuccessful models for diam-
eter and volume estimation, while the model of Mu-
hairwe (1999) ranked in the middle in terms of esti-
mation performance. Consistent with the results of 
this study, Hussain et al. (2021b) mentioned that the 
model of Lee et al. (2003) was the least successful 
one for estimating stem diameter. Ulak et al. (2022) 

analyzed the success of stem diameter estimations 
using seventeen different stem diameter models for a 
tropical tree species in Nepal and found that the most 
successful estimations were obtained with the model 
of Sharma & Zhang (2004). However, this model was 
one of the least successful models analyzed in terms 
of estimation performance in this study.

Figure 5 presents that all the analyzed models 
produced higher estimation errors in stem diameter 
estimations for relative heights between 0–10% and 
65–85% compared to other relative height classes. As 
stated by Jiang et al. (2005), 0–10% of the tree height 
is the region where the stem swelling is the highest 
and the diameters are the most unevenly distributed 
among the trees. Again, 60–65% of the tree height is 
the region where branching starts, and therefore the 
variability in stem form is the most intense. For all 
models analyzed, the success in diameter estimation 
was higher for all relative height classes except for 
the 0–10% and 65–85% relative height classes of the 
tree stem. It can be said that the diameter estimation 
performance of all models in the lower parts of the 
stem, except for the first 0–10% of the stem, is more 
successful than the upper stem parts. This is espe-
cially important since the 50% and lower parts of the 
tree stem are more commercially and economically 
valuable. Shahzad et al. (2020) reported similar re-
sults for white birch species in Northeast China, Cre-
cente-Campo et al. (2009) for native Scots pine spe-
cies in Spain, and Corral-Rivas et al. (2007) for pine 
species in the Northwest Durango region of Mexico. 
Hussain et al. (2020) for pine species in Northeast 
China, Hussain et al. (2021a) for Korean pine and 
Manchurian pine in Northeast China, Schröder et al. 
(2015) for slash pine plantations, Diéguez-Aranda 
et al. (2006) for Scots pine plantations in Northeast 
Spain, Özçelik & Crecente-Campo (2016) for native 
cedar trees in Türkiye, and Özçelik & Brooks (2012) 
for five primary tree species in Türkiye. All models 
analyzed tended to estimate smaller diameters for 
relative heights above 90%. However, since the tip of 
the stem is relatively low-valued and carries a lower 
volume value than other parts of the stem, it does 
not have a large effect on the models’ estimation per-
formance (Crecente-Campo et al., 2009; Schröder et 
al., 2015).

When the distribution of the errors produced by 
the model of Jiang et al. (2005) is examined in terms 
of diameter classes in Figure 8, it is seen that they 
have a very low error variance up to 50 cm, unlike 
the other analyzed models. Analyzing the results 
given in Table 5 and Table 6, the model of Jiang et 
al. (2005) produced more successful results for vol-
ume estimation than diameter estimation. All other 
analyzed models were more successful in diameter 
estimations than volume estimations. Fortin et al. 
(2013) stated that this interesting situation may be 
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due to the fact that the diameter value required for 
the breast surface at any point on the stem is ob-
tained by conversion from the diameter values esti-
mated along the stem. In the study by Li & Weiskit-
tel (2010), the model of Kozak (2004) was the most 
successful one for diameter estimations, whereas 
the most successful models for volume estimations 
were those of modified form of Clark et al. (1991) 
and Fang et al. (2000). Similarly, in the study con-
ducted by Schröder et al. (2015), Kozak (1988; 2004) 
models were the most successful models for diam-
eter estimations with and without bark, while Max 
& Burkhart (1976) was the most successful model 
for volume estimations. Therefore, when selecting a 
stem diameter model, it is essential that the evalua-
tion is performed for both diameter and volume es-
timations (Li & Weiskittel, 2010; Fortin et al., 2013; 
Schröder et al., 2015).

Evaluating all the results together, the most ap-
propriate models to estimate height, stem diameter, 
total volume, and merchantable volume is the model 
of Jiang et al. (2005). It can be recommended for es-
timating the diameter at any height of the tree stem 
and merchantable and total stem volume in order to 
make more accurate estimations for the natural Bru-
tian pine species in the Akhisar Region.

Considering the results of the studies conduct-
ed to date, it was observed that when stem diame-
ter models were improved by applying the nonlin-
ear mixed-effects modeling (NLME) approach, the 
evaluation criteria improved significantly compared 
to OLS. After deciding on the model of Jiang et al. 
(2005) being the most successful stem diameter 
model for the reasons mentioned above, various com-
binations of random-effects parameters were used 
to create nonlinear mixed-effects models. Table  6 
presents the results of comparing the constructed 
mixed-effects models using AIC and BIC values. As 
mentioned earlier, one of the major advantages of the 
NLME approach is that it allows calibration of the 
model in the presence of prior information. However, 
as suggested by many researchers (Meng et al., 2009; 
de-Miguel et al., 2012; López-Sánchez et al., 2016; 
Sabatia & Burkhart, 2015; Arias-Rodil et al., 2015; 
Hussain et al., 2020a; Hussain et al., 2020b), it is rec-
ommended to use fixed-effect models in the absence 
of prior information for model calibration. de-Miguel 
et al. (2012), Arias-Rodil et al. (2015), and Shahzad 
et al. (2020) stated that fixed-effect models are more 
successful in diameter and volume estimation in the 
absence of prior information for calibration and if the 
random parameters of the mixed-effect model are as-
sumed to be zero.

The most successful random-effect parameter 
combination is b2  and  b4. Of these parameters, de-
fines the lower part of the stem (1.3–5.3 m) and de-
fines the middle and upper part of the stem (Hussain 

et al., 2020). With a higher value, the parameter b4 
has a major impact on the model, and the parame-
ter b3 contributes a little. Therefore, the parameter b4 
can explain the tree-level variation in both sections. 
The variation is usually minimum in the lower stem 
(Fig.  5). It is seen that the addition of random ef-
fects even to only one of these parameters (b4 + u2) 
positively affects the estimation performance of the 
model in the middle and upper parts of the tree stem, 
and the addition of two random effects ((b2 + u1) and 
(b4  +  u2)) positively affects the estimation perfor-
mance in the lower, middle and upper parts of the 
tree stem. Figure 9 illustrates that with the addition 
of random effects to the parameters and , the error 
distribution in diameter estimations for the mod-
el’s relative height classes is both reduced and more 
homogeneous for all stem parts compared to the 
fixed-effect model.

Conclusion

Taper equations were developed to estimate stem 
diameter, height, merchantable volume, and to-
tal stem volume for natural Brutian pine species in 
Akhisar region of western Türkiye. Although some 
stem profile models have been developed for Brutian 
pine stands in southern Türkiye, this is the first time 
that taper models have been developed for Brutian 
pine stands in western Türkiye. The taper equations 
developed in this study will help to make more re-
alistic volume estimations and stem diameter for 
Brutian pine in the region. 12 stem diameter models 
were analyzed in the study, and we obtained the most 
successful results for diameter, height, merchantable 
volume, and total stem volume estimations with the 
model of Jiang et al. (2005). The Jiang et al. (2005) 
model has been used much less frequently than other 
models in studies analyzing stem diameter models. 
The results obtained showed that diameter, height, 
merchantable volume, and total volume estimations 
can be made successfully with the model of Jiang 
et al. (2005) for Brutian pine species. However, it 
is necessary to know the diameter of the trees at a 
height of 5.30 m to use both models. Therefore, the 
models of Bi (2000) and Kozak (2004) can be rec-
ommended when this is not possible. Furthermore, 
the addition of random effects to the model within 
the mixed-effects model approach improved the es-
timation performance of the model, reduced the in-
ter- and intra-tree error variance and made it more 
homogeneous. Although the data used in this study 
covers the range of diameter and heights typically ex-
pected in Brutian pine, the data were collected from 
one region. Thus, the models should be applied out-
side this region cautiously.
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